The quest to find a nonperturbative formulation of topological string theory has recently seen two unrelated developments. On the one hand, via quantization of the mirror curve associated to a toric Calabi-Yau background, it has been possible to give a nonperturbative definition of the topological-string partition function. On the other hand, using techniques of resurgence and transseries, it has been possible to extend the string (asymptotic) perturbative expansion into a transseries involving nonperturbative instanton sectors. Within the specific example of the local P 2 toric Calabi-Yau threefold, the present work shows how the Borel-Padé-Ecalle resummation of this resurgent transseries, alongside occurrence of Stokes phenomenon, matches the string-theoretic partition function obtained via quantization of the mirror curve. This match is highly non-trivial, given the unrelated nature of both nonperturbative frameworks, signaling at the existence of a consistent underlying structure.
Introduction
Historically, string theory is defined by a perturbative expansion. This expansion turns out to be asymptotic, e.g., [1] , with zero radius of convergence; signaling at the existence of a variety of nonperturbative effects beyond the original perturbative definition, e.g., [2] . Nonetheless, in spite of decades of research and enormous progress, a fully general nonperturbative definition of string theory is still lacking. One simplified setting where this question may be addressed, and where significant progress has been achieved recently, is that of topological string theory. This is the scenario we shall address in this paper, in the special case of toric Calabi-Yau backgrounds.
Asymptotic expansions alone cannot define the topological-string free energy. Their lack of convergence asks for resummation methods 1 but even these are not enough due to Stokes phenomenon: different asymptotic expansions hold, in different regions of the parameters, leading to distinct resummations. All this richness is single-captured by the extension of the original asymptotic expansion into a (resurgent) transseries, which includes non-analytic data (see, e.g., [3] for an introduction and a complete list of references). This resulting transseries finally yields a nonperturbative framework to reconstruct the original function we wish to uncover (albeit iteratively, in the case of non-linear problems). For the case of the topological-string free energy, the general construction of its resurgent transseries-out of a nonperturbative extension of the holomorphic anomaly equations-was set-up in [4] ; with the explicit example of the local P 2 toric Calabi-Yau threefold being fully worked out in [5] . These results were obtained based upon earlier stringy constructions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , and have since led to a few further developments, e.g., [16, 17] . In principle, this construction allows us to obtain fully nonperturbative results for the string-theoretic free energy, at any value of the string coupling constant.
A different but very much related question is to ask if, instead of having a method to obtain nonperturbative results out of somewhat perturbative data, one may have a definition of the theory which is nonperturbative from scratch. This is the spirit of the familiar large N dualities [18] , where the string genus expansion is regarded as a (perhaps complicated) asymptotic expansion of some simpler theory-which itself then becomes the nonperturbative definition of the problem. As a framework for quantum gravity, it is somewhat expectable that string theory should be associated to some sort of quantization of the background, spacetime geometry. As recently uncovered, such an expectation turns out to be realized when addressing topological strings on toric Calabi-Yau backgrounds-where the "spacetime" geometry is essentially encoded in the associated mirror manifold, itself built upon an algebraic curve. In this case, the quantization of this "mirror curve" leads to a simple one-dimensional, self-adjoint quantum mechanical operator, defined on the real line. Based upon earlier constructions [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , it was proposed in [31] that there is a precise correspondence between the spectral theory of operators obtained by quantizing the mirror curve, and topological string theory on the toric Calabi-Yau geometry. This proposal has since led to many recent developments, e.g., [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] (see [52] for an introduction). In addition, the topological string/spectral theory correspondence of [31] provides a nonperturbative definition of the topological-string partition function on toric Calabi-Yau geometries. According to this correspondence, the "fermionic" spectral traces of these quantum-mechanical operators, which are well-defined functions, have a natural 't Hooft-like limit which results in an asymptotic expansion yielding the weakly-coupled topological-string genus expansion.
It is well-known that, in many quantum systems, nonperturbative quantities are exactly given by resummations of transseries. Examples include the energy levels of the quartic anharmonic oscillator [53] and of the double-well potential [54] , as well as the partition functions of some non-critical string theories [8] and matrix models [55] . In these examples, the existence of a transseries representation means that the nonperturbative object can be "decoded" in terms of semi-classical information. It is then natural to ask whether the nonperturbative topological-string free energy, as defined in terms of spectral theory in [31] , can be expressed as the resummation of the general transseries constructed in [4, 5] . In this paper we shall obtain a precise match between these two quantities, once Stokes phenomenon is taken into account. Due to the independent nature of these two constructions, this match is in fact highly non-trivial, and it implies a consistent underlying structure common to both approaches. As a consequence, our results will hopefully also stand as a benchmark for future tests of any other (independent) approach to the nonperturbative definition of the topological string, which will need to find their place within such underlying setting. We begin in section 2 with a description of the quantization approach, and proceed in section 3 with a description of the transseries construction. The match is then established via resummation in section 4. In particular, this match validates (although it does not prove) the semi-classical data in [4, 5, 16] as the complete set of nonperturbative (instanton) semi-classical data in the underlying theory. We close with a short discussion in section 5.
A Nonperturbative Definition of Topological Strings
A nonperturbative definition for the topological-string free energy, in the conifold frame and in the case of toric Calabi-Yau (CY) threefolds, was proposed in [31, 34] . This definition is based upon the quantization of the mirror curve to the CY, as originally suggested in [19] , and is explicitly calculable. We shall review this definition in the following, focusing for simplicity on toric del Pezzo CY threefolds, whose mirror curve has genus one (the general construction, in the case of mirror curves of higher genus, can be found in [38] ).
Topological Strings on Toric Calabi-Yau Threefolds
Recall that toric del Pezzo CYs are defined as the total space of the canonical bundle on a toric (almost) del Pezzo surface S,
and they are sometimes called "local S". The simplest example of a local del Pezzo occurs when S = P 2 . This is the local P 2 geometry that we shall focus on in most of this paper. By standard results in toric geometry (see for example [56] ), toric almost del Pezzo surfaces can be classified by reflexive polyhedra in two dimensions. The polyhedron ∆ S associated to a surface S is the convex hull of a set of two-dimensional vectors
together with the origin. In this case, the associated CY in (2.1) has s Kähler parameters. As shown in [57, 58] , the mirror geometry to (2.1) can be encoded in an algebraic curve written in exponentiated variables, e x and e y , which is known as the mirror curve. In the case of local del Pezzo CYs, the curve has genus one. The s complex parameters characterizing this curve can thus be divided into two types: one "true" modulus, κ, and a set of "mass" parameters, ξ i , i = 1, . . . , s − 1 [56, 59] . The equation for the mirror curve can then be written in a canonical form,
3) Figure 1 : The vectors (2.5) defining the local P 2 geometry, together with the polyhedron ∆ P 2 (in thick lines) and the dual polyhedron (in dashed lines).
where the function O S (x, y) is given by 4) and where f i (ξ) are suitable functions of the parameters ξ j . As mentioned, our main example will be local P 2 . For this CY, s = 1 and there are no mass parameters. The vectors (2.2) are given by
and we plot these vectors, together with the origin and their convex hull ∆ P 2 , in Fig. 1 . In this case, the function (2.4) will be given by
Given a CY threefold X, we shall denote the closed topological-string free energy at genus g, and in the large-radius frame, by F g (t), where t is the vector of Kähler parameters. These functions are generating functionals for the Gromov-Witten (GW) invariants of X, and have the structure:
(2.7)
In these formulae, repeated indices are summed over, and N d g are the GW invariants of X at genus g and multi-degree d. The coefficients a ijk and b i are cubic and linear couplings characterizing the perturbative genus-zero and genus-one free energies, while C g is the so-called constant map contribution [60] . The total free energy of the topological string is the formal 2 series,
where g s is the topological-string coupling constant.
The Quantum Mechanical Proposal
In the case of local del Pezzo CYs, the "quantization" of the mirror curve (2.3) is based on the promotion of the function O S (x, y) to an operator, which will be denoted by O S . To do this, we first promote x and y to self-adjoint Heisenberg operators on the real line, x and y, satisfying the standard commutation relation
Next, we apply Weyl's quantization to O S (x, y). In particular, this fixes possible ordering ambiguities and leads to an unbounded, self-adjoint operator O S on the Hilbert space H = L 2 (R). It was further conjectured in [31] that the inverse operator,
acting on L 2 (R), is of trace class and positive definite (provided the mass parameters ξ i satisfy some positivity conditions). This was later proved in [33, 61] . With ρ S of trace class, one can then consider its Fredholm determinant (see for example [62] ) 11) and it is a standard result that Ξ S (κ, ) is an entire function of κ. Its Taylor series around the origin, 12) defines the fermionic spectral traces Z S (N, ). They can also be obtained from the "bosonic" spectral traces, Trρ S , = 1, 2, . . ., through Fredholm-Plemelj's formula
In [31] , conjectural, exact formulae for both Ξ S (κ, ) and Z S (N, ) were proposed, in terms of BPS invariants of the local del Pezzo CY. One of the consequences of these conjectures, emphasized in [34] , is that Z S (N, ) provides a nonperturbative definition of the topologicalstring partition function. More precisely, the logarithm of the fermionic spectral traces, 14) which are manifestly well-defined quantities for all ∈ R >0 and all N ∈ Z >0 , has an asymptotic expansion which is precisely the genus expansion of the topological string, in the so-called conifold frame. This asymptotic expansion is performed in the 't Hooft regime, characterized by 15) and it has the form
The functions F g (λ) are the topological-string free energies in the conifold frame, while λ is a flat coordinate which vanishes at the conifold point. The functions F g (λ) can be obtained from the large-radius free energies by performing a formal Laplace transform, as explained in [63] . We shall next briefly review this procedure, taking into account the precise normalizations and conventions required by the conjecture of [31, 34] . Additional details can be found in, e.g., [52] . We will also focus on the situation relevant for local P 2 , so we shall assume that we have a trivial dependence on the mass parameters, and therefore a single Kähler parameter t.
In the conjecture of [31, 34] , one has to introduce a non-trivial B-field, B, in the standard definition of the topological-string free energies. This B-field is determined by the geometry of the CY [27, 31, 49] . We then define
Another required ingredient in the theory, developed in [31, 38] , is a function A( ) which has an asymptotic expansion
This function has been conjectured for various geometries, in particular for local in P 2 [31] . It is also convenient to introduce the following functions, which are closely related to the topologicalstring free energies,
(2.19)
The coefficient b NS should not be confused with the one appearing in (2.7). Instead, it can be determined from the perturbative part of the so-called Nekrasov-Shatashvili (NS) free energy; see [31, 38] for more details and examples. Let us further introduce the formal power series
This is, up to the small modifications in (2.19), the total topological-string free energy in the large-radius frame. It also follows from the above formulae that the string coupling g s is related to by
As advertised above, one may then write the topological-string free energies in the conifold frame, F g (λ), via the following formal Laplace transform [63] ,
Here, the constant C is determined by the mirror map in the large-volume limit. Namely, if we write the mirror curve as in (2.3), and set κ = e µ , then the mirror map has the form
The conifold free energies F g (λ) may now be computed by doing a formal, saddle-point approximation to the above Laplace transform (2.22) for large . This saddle point is given by
It follows from this equation that the 't Hooft parameter is proportional to a period, i.e., it is a flat coordinate on moduli space, as claimed above. The conifold point is given by
The genus-zero free energy in the conifold frame, F 0 (λ), is given by a Legendre transform,
In practice, the higher-order corrections F g (λ) are computed by solving the holomorphic anomaly equations in the conifold frame, as in [64] . It should be noted that the formula (2.22) is the asymptotic expansion of an exact, conjectural formula for the fermionic spectral traces Z S (N, ). This exact formula makes it possible to compute Z S (N, ) by using the BPS invariants of the CY. In addition, it extends Z S (N, ) (which was originally defined only for positive, integer values of N ), to an entire function on the complex plane of the N variable. This will be also useful in the present paper 3 . Similarly, we note that the formal power-series (2.20) is the asymptotic expansion of a well-defined function, the so-called modified grand potential introduced in [27] for arbitrary toric CY threefolds.
Exact Results for Local P 2
Our main example in this paper is that of local P 2 , and we shall now specialize the above discussion to this local del Pezzo CY, following [31, 34] . In this case, as we have already remarked, s = 1 and there are no mass parameters. The several coefficients appearing in (2.7), (2.19) and (2.23) take the values
The constant-map contribution is given by [64] 
where
In addition, the B-field takes the value B = 1, and the coefficients A g appearing in (2.19) are given by [34] A 0 = 3ζ(3) 16π 4 ,
log + ζ (−1) + 1 6 log 2π + 1 24 log 3,
(2.30)
3 Albeit we shall only use such extension to non-integer, yet real, values of N .
For the vanishing flat-coordinate at the conifold point we shall use the conventions in [5] , namely
where ψ is related to the parameter κ appearing in the mirror curve (2.3) by
Another standard parametrization of the CY complex-structure moduli space is 33) with ψ = (−27z) −1/3 . By comparing with (2.24), one finds that λ is given by 4 ,
Using these results, one can obtain the genus-g free energies in the conifold frame. Their expansion around λ = 0, worked out in [34] , is very useful in order to fix our conventions. One finds
(2.35)
The coefficient c in the first line is given by
Note that this expansion displays a strong version of the gap condition of [65] . Let us next address the calculation of the fermionic spectral traces Z(N, ) (in the following we suppress the subscript S = P 2 ). The main result that allows the calculation of these traces is an explicit expression for the kernel of the trace-class operator ρ, obtained in [33] . In fact, with the same effort, one can consider slightly more general operators of the form O m,n = e
x + e y + e −mx−ny . (2.37)
Here, m, n are positive, real numbers; and the operator for local P 2 corresponds to m = n = 1. These operators (2.37) were called three-term operators in [33] . In order to write down the explicit kernel of their inverses, let us first introduce some notation. As in [33] , we shall denote by Φ b (x) Faddeev's quantum dilogarithm [66, 67] . We define as well
Next, introduce normalized Heisenberg operators, q and p, satisfying the normalized commutation relation 39) and such that they are related to x and y by the linear canonical transformation 40) so that is related to the parameter b in the quantum dilogarithm by
In the momentum representation associated to p, our usual operator
has the integral kernel
In this equation, a and c are given by
Using this result, one may calculate the "bosonic" spectral traces as multiple integrals, Tr ρ m,n = dp 1 · · · dp ρ m,
Now, when b 2 is of the form M/N , with M and N coprime integers, Faddeev's quantum dilogarithm simplifies into an elementary function [68] -and it is in principle possible to calculate these integrals exactly, by residues. Using this technique, many results for the spectral traces have been obtained in [33] . In order to review these results, let us focus again on local P 2 . In this case, the relation between and b is
For N = 1 one can obtain [33] the following closed formula for Z(1, ) at arbitrary :
Using the properties of Faddeev's quantum dilogarithm for rational b 2 established in [68] , one finds for example:
This method of calculating the fermionic spectral traces becomes cumbersome when N grows large. However, there is another, very efficient method to calculate the fermionic traces, first developed in [69, 70] . This method is based on a set of integral TBA-like equations for the Fredholm determinant, which were first proposed in [71] for a class of operators which includes some of the three-term operators (2.37). This Tracy-Widom method was later generalized in [42] to all operators of the form (2.37). Using these techniques, one can systematically compute the fermionic spectral traces recursively. For example, for N = 2 one finds [42] ,
As we mentioned above, one can use the conjecture put forward in [31] to further compute the fermionic spectral traces numerically, for arbitrary values of N , in terms of BPS invariants of the CY X (see [31, 33, 38, 42] for examples of this procedure, and [24, 26, 30] for similar examples in ABJM theory). In this paper, we will assume the validity 5 of this conjecture, and we will use it to compute fermionic spectral traces numerically whenever an exact expression from spectral theory is lacking, as well as for non-integer values of N .
Transseries Constructions for Topological Strings
Let us now shift gears and address the (resurgent) transseries completion of the topological-string free energy, as constructed in [4, 5] . This completion is based upon a nonperturbative extension of the holomorphic anomaly equations of [60] , and all its perturbative and nonperturbative ingredients are explicitly calculable. We shall review this construction in the following, as it applies to the local P 2 CY geometry [5] (the general construction can be found in [4] ).
Recall from (2.1) that local P 2 is a toric geometry that can be defined as the total space of the bundle O(−3) → P 2 . It is customary to parametrize the moduli space of complex structures of its mirror curve by z, which was introduced in (2.33). The topological-string free energies we shall describe next depend on both z and its complex conjugate. The mirror map is given by
5 Note that even if the conjecture of [31] turned out to be false as an exact formula for the fermionic spectral traces, it is certainly valid with a precision which is much higher than the precision achieved by our resurgent analysis. For example, if we calculate Z(2, 4π) for local P 2 by using this conjecture with BPS invariants up to degree 7, we match the exact, known value obtained in spectral theory with a precision of 150 digits, which is far larger than the precision we have for the Borel-Padé resummation.
The moduli space has three special points: large-radius at z = 0, conifold at z = −1/27, and orbifold at z = ∞. However, for the purpose of resurgent analysis, it was shown in [5] that the appropriate coordinate is ψ, related to z by z = (−3ψ) −3 . The cubic root splits the conifold point into three values of ψ, at the cubic roots of the identity. These three conifold points-alongside the large-radius point-are each associated to an instanton action and, for this work, they are the relevant points in moduli space.
General Transseries and Resurgence Relations
The nonperturbative free energy F P 2 has a transseries representation where g s is the resurgent variable. We shall shortly explain what the terms transseries and resurgence mean (full details on the results of this section can be found in [4, 5] ), but let us proceed step-by-step.
The starting point is the perturbative series
Here the string coupling g s is regarded as a small formal parameter. The series on the right-hand side does not converge: it is asymptotic. The reason is that its coefficients, i.e., the genus-g free energies, grow faster than exponential: they grow factorially as (2g)! when g → +∞ (technically this makes F (0) (g s ) a Gevrey-1 series). The standard procedure tries to bypass this state of affairs by considering the Borel transform of F (0) (g s ; z,z), a new series with a non-zero radius of convergence on the Borel s-plane, given by
If the Borel transform of F (0) only has isolated singularities, the theory of resurgence can handle series of this kind and be used to properly define a function out of an initially asymptotic series. In this case F (0) is called a resurgent function, and the whole machinery of resurgence can begin its motion (we refer the reader to [3] for an introduction and a complete list of references). In the case of topological string theory, we have no rigorous proof that F (0) is resurgent but numerical evidence is abundant. In the example of local P 2 , Fig. 2 shows a plot of the Borel plane for a particular value 6 of z and with the singularities of B[F (0) ] highlighted. The first prediction of resurgence is that singularities on the Borel plane correspond to (nonperturbative) instanton actions of the full free energy F P 2 , or at least of the formal transseries that represents F P 2 . These instanton actions are special components of the transseries for F P 2 , where in the present context a transseries is a formal series in both g s and e −A/gs , with A one of the instanton actions (note how the exponential contribution is non-analytic at g s = 0, hence cannot be expanded). The simplest transseries, with just one instanton action, would be of the form
Here σ is the transseries parameter, a complex number that keeps track of the instanton number n, but also encodes any freedom in initial or boundary conditions. Its value will be very important 4π (see (3.27) ). The red circle depicts the first conifold instanton-action, A 1 ; the green square the second conifold instanton-action, A 2 ; and the purple diamond the large-radius instanton-action, A K . It should be somewhat clear from the plot how these are branch points for the branch cuts of B[F (0) ], with poles organizing as a leading singularity followed by a tail that represent the branch cut. All these quantities will be explained later in the main text.
for the resummation in section 4. The characteristic exponent b (n) is simply the starting power of g s . As to the new coefficients, F (n) g (z,z), they encode the nonperturbative effects around each instanton sector, labeled by (n) and associated to a total instanton action nA(z,z).
For each n we expect the series g g s F
(n) g to be asymptotic, with coefficients F (n) g growing as ∼ g!. Altogether, (3.4) forms a resurgent transseries which extends F (0) (g s ) and, in principle, captures all nonperturbative features 7 of F . We shall later see how this is also true in practice. The qualifier "resurgent" implies that there is a precise relation between the coefficients F (n) g for different values of n and g. The derivation of these relations can be found elsewhere (again, we refer the reader to [3] for details on resurgent transseries), but the simplest of them would be
This means that, codified in the details of the factorial growth of F
g , are all other (nonperturbative) coefficients F (n) h , alongside the instanton action A. In this expression S 1 denotes the 7 At least the ones associated to D-branes. There are also NS-brane effects [16, 72] , which are not needed herein.
Stokes constant for the problem, to play a pivotal role in our resummations of section 4.
Perturbative and Nonperturbative Sectors of Local P 2
Resurgence relations such as (3.5), among others, are of general nature and can be used to discover and compute nonperturbative quantities, such as A and F (n) h , whenever only perturbative data is available. This is, in part, what was done in [5] : in that work the large-order (large g) relations (3.5) were used, alongside a nonperturbative extension of the holomorphic anomaly equations [4] , to uncover and compute the transseries for the topological-string free energy on local P 2 .
Let us be more detailed on these results. The holomorphic anomaly equations of [60] describe the nonholomorphic dependence of
This recursiveness allows us to solve for F (0) g up to a function of z alone, called the holomorphic ambiguity. For local P 2 (and many other examples) this ambiguity may be fixed by looking at the behavior of F (0) g at the large-radius and conifold points in moduli space, see, e.g., [60, 65, 73, 64, 4, 5] . The final result can be written down in quite a compact form, if we use the so-called propagator variable 8 S zz (z,z) which takes the place ofz. In this way [74, 75] ,
zz of degree 3g − 3 with rational coefficients in z. (3.6) For example, the propagator is expressed in terms of
where C zzz = (−3z 3 (1+27z)) −1 is the Yukawa coupling for local P 2 . The genus g = 2 free energy then satisfies the equation
which can be integrated with respect to S zz , and its ambiguity fixed, to
See [64] for details on computing the perturbative series and fixing its holomorphic ambiguities.
There are analogous equations for the F (n) g that can be solved recursively in n and g, as explained in general in [4] . These sectors also have their holomorphic ambiguities, which may be determined by making use of equation (3.5) . The idea is to take the holomorphic limit of (3.5), which will maintain the holomorphic ambiguities, then compare expansions in 1/g and thus solve for the unknown ambiguities. Note, however, that one cannot disentangle the ambiguity from the Stokes constant S 1 ; it is only possible to compute their product. Let us show this with an example. Let n = 1 and h = 0. The extended holomorphic anomaly equations imply [4] 
where f
0 (z) is the holomorphic ambiguity. Assume for example that A is A K = −2πt, the Kähler instanton action. Now, on the one hand, we can take the leading term in equation (3.5) 8 The reader should not confuse propagator variable and Stokes constants, in spite of similar notation.
-13 -in the holomorphic limit of the large-radius frame, for which 9
On the other hand, large-order numerical computations (see appendix A) show that
Since the left-hand side of this equation is also
A similar strategy can be implemented for higher loops and other multi-instanton sectors. The results grow in complexity but we can give a brief description of the general picture [4, 5] :
• There are four relevant instanton actions: A 1 , A 2 , A 3 , and A K . They are all holomorphic (i.e., independent of S zz ) in accordance to arguments in [13] and the extended holomorphic anomaly equations of [4] . The first three actions are related to the conifold point at z = −1/27, or ψ = 1, e +2πi/3 and e −2πi/3 , and they enjoy a Z 3 -symmetry among themselves:
14)
where, as mentioned, ψ = (−27z) −1/3 . The last instanton action, A K , we have already seen that it is proportional to the Kähler parameter, • Each of the previous instanton actions A comes paired with its opposite −A (which is a consequence of the string genus expansion). There is, however, a symmetry between the corresponding sectors F (n) +A g and F (n) −A g [11, 14] so that we only need to worry about the first of them. Further, for the particular values of z which we shall consider, the Borel plane has a reflexive symmetry along the real axis, and there is a conjugation symmetry we should also take into account. 9 We follow the notation in [4, 5] : roman letters (F , S zz ) indicate nonholomorphic quantities, curly letters (F, S zz ) indicate their holomorphic limits. The chosen frame is shown as a subscript separated by a semicolon (;). 10 The notation (n) A means that only the sector associated to the instanton action A is turned on, at instanton number n, while all others are set to zero.
• Each instanton action leads to a nonperturbative sector, for which we have corresponding free energies, F (n) A g (z, S zz ). For our purposes in this paper, it is enough to look at the first instanton sectors: n i = 1 for some i and n j = 0 for j = i (see [4, 5] for n ≥ 2 and their associated subtleties). The anti-holomorphic structure of F 18) where the coefficients involve polynomials in A, ∂ z A, ∂ 2 z A, and rational functions of z [4, 5] . The holomorphic ambiguity is fixed with the holomorphic conditions
Here we take the holomorphic limit in the frame associated to A (conifold or large-radius). α A = 1 if A is one of the three conifold actions, and α A = 3 if A is the Kähler action.
• Note how each nonperturbative sector has its own Stokes constant S A,1 , which will appear inverted S
−1
A,1 as a pre-factor of F
. Therefore, in the trasseries we will always find it alongside the transseries parameter σ A , as
. This is the combined quantity which will have to be fixed 11 when we resum the transseries in section 4.
• The holomorphic anomaly equations do not fix the power of the exponent b (1) A in the transseries, but the resurgence results suggest that b (1) A = −1 is the correct value.
• Explicitly, the one-instanton free energies F
(1) A g for low g are
where we have introduced the notation
There are no third or higher derivatives of A because we used the (third order) Picard-Fuchs equation, and there are no second derivatives as we traded them by ∂ z A and S zz ;A .
• In summary, the transseries is, to leading instanton order, The goal now is to resum this object, after having fixed the transseries parameters, and compare against the results of section 2. In order to do that we must first make sure that all conventions agree, and, in particular, also need to decide which holomorphic limit must be taken.
Let us address this second question. Recall from section 2 that the 't Hooft limit (2.15), leading to the topological-string genus expansion, has 't Hooft parameter given by (2.24) and associated to the conifold frame. In particular, for our example of local P 2 , the 't Hooft coupling λ is proportional to the conifold flat coordinate t c via (2.34), which selects the first conifold frame, associated to A 1 , as the relevant one to use in the transseries. This implies that in the next section, when we resum each asymptotic series in (3.25), we must evaluate the propagator S zz to 12
Further recall that the dictionary between (N, ) and (g s , z) is
Finally, we must use
for the perturbative sector of the transseries, in order to connect with the free energies (2.19), (2.35), as obtained in spectral theory. From now on, we drop the subindex indicating the frame in which the holomorphic limit is taken, writing
, and so on.
Resummations and Agreement with the Exact Free Energy
An asymptotic series (or even a transseries) by itself cannot yield numbers as it does not converge anywhere. A resummation procedure is thus required, and by this we mean an operation which takes such formal objects and out spits some honest function that we can evaluate numerically. In the resurgence context, the natural resummation method is that of Borel resummation for asymptotic series, and Borel-Écalle resummation for transseries (where the latter is built from the former). Padé approximants will be required to implement these resummations numerically.
Borel resummation is the composition of a Borel and a Laplace transform. Term-by-term in the series these two operations are inverses of each other, but on the analytic continuation of the Borel transform, the Laplace transform produces a function:
When g s is real we take θ = 0 and integrate along the positive real axis on the Borel plane. This is valid as long as B[F (n) ](s) has no real positive poles, or, in a different language, no instanton action has both a vanishing imaginary part and a positive real part. When this happens we are on a Stokes line and the resummation is ambiguous, depending on how to avoid the singularity. The difference between resummations above and below a Stokes line is of order e −A/gs , where A is the singularity on the positive axis with the least real part. However, by considering the resummation at the transseries level, these nonperturbative differences simply interpolate between different nonperturbative sectors of the transseries and, in essence, give rise to the familiar Stokes phenomena. Borel resummation at the transseries level, which naturally incorporates Stokes phenomena, is dubbed Borel-Écalle resummation, and some examples within the large N context were considered in [8, 55] (our strategy of calculation in this section follows these references). For the resummation of local P 2 we do not have enough precision to include sectors beyond n = 1, but we will encounter a Stokes line that needs to be addressed in detail. On a practical note, Borel resummation is approximated numerically with Borel-Padé resummation. The idea is to use a Padé approximant to the truncated Borel transform (there is only finite data). The poles of the Padé approximant mimic the singularities of the real function in the same way we have used them to plot the instanton actions on the Borel plane in Fig. 2 .
Resummation of the Perturbative Free Energy
Let us begin by addressing the resummation of the perturbative sector. It is natural to expect this sector to yield the leading contribution to the nonperturbative free energy, with (exponentially suppressed) instanton sectors in the transseries being subleading. As an example, consider N = 2 and = 4π for which where all displayed digits are stable. The results are rather similar, albeit not equal. The difference is small, of order 10 −10 , and if our reasoning holds it should be associated to a oneinstanton effect, with weight ReA ≈ 70 for some instanton action A we have not identified yet (we shall soon see how to precisely match this effect with the one-instanton sector of the transseries). The comparison between F P 2 and S 0 F (0) may be done for many other values of N and , or, equivalently, of g s and z. We show some such examples in Fig. 3 and Table 1 . Fig. 3 plots values of N at fixed = 4π, and shows how close the exact and perturbative free energies are (visually they seem to agree but that is only because their difference is exponentially small). In Table 1 we picked varying values of (N, ), where one may appreciate how small the difference between F P 2 and S 0 F (0) can be. This is expected, since, according to the conjecture in [31, 34] , the difference between the nonperturbative free energy F P 2 and the Borel resummation of the perturbative series must be an exponentially small effect. In spite of this, it is important to stress 13 In practice, we have used data from [5] , with coefficients up to genus g = 114. that perturbation theory alone is simply not enough to recover the full nonperturbative result F P 2 of section 2. Instead, one needs the transseries with its nonperturbative instanton contributions, to which we now turn. We should note that the situation encountered here is very similar to the one found for the 1/N expansion of the free energy of ABJM theory on the three-sphere: this expansion is Borel summable, for generic values of the 't Hooft parameter [76, 13] , but its Borel resummation does not agree with the exact value [77] . The difference between these quantities is due to a large N instanton effect.
Resummation of the One-Instanton Sector
Recall from section 3 that the transseries for local P 2 has several instanton actions, with their corresponding nonperturbative sectors. To leading order, the small difference between F P 2 and S 0 F (0) that we have just discussed, should be a one-instanton effect, i.e., of order e −A/gs . But this could hold for one or more of the possible instanton actions A 1 , A 2 , A 3 , A K (along with their negatives and complex conjugates). There are some constraints, however. Since the difference F P 2 − S 0 F (0) is small, we should look for A with ReA > 0, and since it is real we should includē A as well. Now, for λ > 0 the action A 1 is purely imaginary and we can discard it from the resummation, since e −A 1 /gs would be a pure phase 14 and not exponentially suppressed. Out of the remaining three actions, A 2 is the natural choice in view of the computation we shall describe next (see appendix B for comments on the possible roles of the sectors related to A 3 and A K ).
14 One can use the same argument to discard the action 4π 2 i, coming from the constant-map contribution. Let us thus consider the A 2 -sector alongside its complex conjugate. Note that the explicit function A 2 has a branch cut along λ > 0, and we choose the convention of evaluating A 2 (λ + i ) as → 0 + . The goal of this section is then to match the reported difference F P 2 − S 0 F (0) , with the one-instanton contributions arising from A 2 and A 2 , i.e., to match
where (c.c.) indicates complex conjugate 15 . When implementing the calculation, it is important to recall that S 0 F (1) A 2 indicates the Borel(-Padé) resummation of the holomorphic limit of the free energy, in the conifold-1 frame (recall the last paragraph of section 3). In practice we perform the resummation with 16 coefficients of F
, using data from [5] , which proves to be enough for the match at leading order 16 . Checking higher instanton corrections would require higher precision and many more coefficients (which is computationally intricate).
At this stage, the only unknown in equation (4.5) is σ A 2 . Fixing the transseries parameter is, however, a bit more subtle in the topological string context, than it was in the matrix model context of [8, 55] . In fact, due to the way in which the nonperturbative holomorphic ambiguities were fixed, we only have access to the combinations
. It is thus convenient to write the right-hand side of equation (4.5) as right-hand side of (4.
If we define the "reduced" transseries parameter and the "reduced" free energies as
we obtain the final and useful form of equation (4.5),
15 Note that here z and gs are real, in which case taking the complex conjugate of the whole instanton contribution for A2 is equivalent to substituting A2 → A2. 16 Working in the holomorphic limit of the frame associated to A1, implies that F
only truncates when A = A1 (via (3.19) ). For all other sectors we have an infinite asymptotic series [5] . . The value of σ 2 is that in (4.10). Common digits are marked with straight (perturbative) and wavy (perturbative plus one-instanton) underlines (all displayed digits are stable).
In this final form, our check will be achieved once we find a value for the "reduced" transseries parameter σ 2 , such that this equation holds for all values of (N, ) we shall be considering.
Let us immediately state our final result, and then build up to it. After looking at several points in the (N, )-plane we find that there are two distinct regions on this plane, on which σ 2 takes different values. Their border is found at
which is a straight line on the (N, )-plane, going through the origin. The conjectured exact value of σ 2 on both sides is
This has the full flavor of Stokes phenomenon, but before giving a definitive interpretation of this result let us discuss the numerical support for equation (4.10) .
In Table 2 we display, for several values of (N, ) with λ > 1 4π , the exact free energy, F P 2 , the perturbative resummation, S 0 F (0) , and the sum of perturbative and one-instanton contributions, S 0 F (0) + S 0 Φ (1) . It is clear that using the value of σ 2 in (4.10) we match the exact result for the nonperturbative free energy, and the transseries resummation, with increasing accuracy.
This computation can be automated and repeated for many other values of (N, ), as depicted in Fig. 4 . The symbolic coding in the figure transmits how precise is the match between F P 2 − S 0 F (0) and S 0 Φ (1) . A circle indicates a perfect match, while complete disagreement is marked with a cross. Partial agreement (meaning only some digits) is signaled with a triangle. The colors of these symbols then indicate the number of available (stable) digits to match. Green denotes at least three stable digits, blue means two, while red and yellow mean just one. When no stable digits are available, we have marked it with a smaller black dot. To make the transition boundary at λ = 1 4π clear, we have used transseries parameter σ 2 = 2πi e 2πiN everywhere on the (N, )-plane of Fig. 4 . In particular, note how the results cease to match once we cross the diagonal line (this will soon be identified with the Stokes line). Due to numerical instabilities in the calculation, our results are more solid for bigger rather than smaller . . The coding is as follows. Whenever there is complete agreement we indicate it with a circle. The triangle indicates disagreement in some of the digits, and the cross means total disagreement. The reliability of comparison may also vary. The color green means that at least 3 stable digits are available for comparison. The color blue indicates 2 stable digits for either quantity, and red means only 1 stable digit for F P 2 − S 0 F (0) . Yellow is the least reliable color: only 1 stable digit for the one-instanton contribution. The dashed line is the Stokes line, given by ImA 2 = 0. Table 3 : Comparison of the exact F P 2 , the perturbative resummation, and the perturbative plus one-instanton resummation, for several values of N and with λ < 1 4π . The value of σ 2 is that in (4.10). Common digits are marked with straight (perturbative) and wavy (perturbative plus one-instanton) underlines (all displayed digits are stable).
---------------------------
Complementarily, we can look at points where λ < 1 4π . As before, we show the agreement between F P 2 and S 0 F (0) + S 0 Φ (1) in Table 3 . The full (N, )-plane is then displayed in Fig. 5 , where we have used σ 2 = 2πi e 2πiN − 1 everywhere so that the line λ = 1 4π stands out. As advertised, the origin of the borderline at λ = 1 4π is the Stokes line defined by the relevant instanton action A 2 , that is,
To the left and to the right of this line, the value of the transseries parameter changes because the , to contrast how this is only correct to the left of the Stokes line. The coding is as in Fig. 4 . Complete agreement is indicated with a circle. The triangle indicates disagreement in some of the digits and the cross means total disagreement. Green means that at least 3 stable digits are available for comparison; blue indicates 2 stable digits for either quantity, and red means only 1 stable digit for F P 2 − S 0 F (0) . Yellow is the least reliable, with only 1 stable digit for the one-instanton contribution. The dashed line is the Stokes line ImA 2 = 0. asymptotics of our function F P 2 changes. This is the familiar Stokes phenomenon. For resurgent systems, Stokes phenomenon may be described in full detail using the Stokes automorphism (see, e.g., [3] ). In simple terms, this is a map relating the transseries resummations on both sides of the Stokes line. Since resummations can only differ by the value of the transseries parameter, σ, the Stokes automorphism dictates how σ changes across the Stokes line. In the simplest possible situations, one has the following relation
where S 1 is precisely the Stokes constant for the problem. Considering our specific case, equation (4.10) tells us that
Using the original definition
σ A 2 , this immediately translates to 14) which is exactly the Stokes phenomenon that equation (4.12) describes. In conclusion, this implies the transseries resummation at leading order is completely understood. Finally, there is an interesting consequence to the functional form of σ 2 when λ < 1 4π : if N ∈ N the transseries parameter vanishes. This implies that, in these cases, the perturbative resummation is exact,
and N ∈ N. Table 4 : Values of the difference F P 2 − S 0 F (0) , above the Stokes line and at integer values of N . The numerical instability of the resummations, at various (diagonal) Padé orders, and their being much smaller than |S 0 Φ (1) ( σ 2 = 1)|, are compatible with the prediction that the perturbative resummation is exact for those points.
As one tries to check this statement back in Fig. 5 , we see that the points with N = 1 and N = 2 above the Stokes line are marked with black dots. This means that F P 2 − S 0 F (0) has no stable digits. The reason for this is that either the resummation is not accurate enough to display the difference, or that the difference is supposed to be zero. In order to distinguish between the two cases, and check that indeed σ 2 = 0, we consider the order of magnitude of
versus that of S 0 Φ (1) . If the former is much smaller than the latter, we can be confident that S 0 Φ (1) should not appear in the resummation. Table 4 shows a couple of examples where we have displayed the resummations at different Padé orders, illustrating the lack of numerical stability, and also the value |S 0 Φ (1) | with σ 2 = 1, to see that it is indeed much bigger than F P 2 − S 0 F (0) . In view of the analysis above, our choice of the transseries sector associated to A 2 (while setting the other ones to zero), as well as the value of the corresponding transseries parameter (4.10), are justified by the highly non-trivial numerical agreement and by the simplicity of the resulting picture. In particular, the existence of a Stokes line precisely at ImA 2 = 0, and the expected Stokes phenomenon when we cross it, (4.12) and (4.14), give further evidence that our transseries ansatz is correct. However, as described in appendix B, we can achieve the same match in the resummation for the sectors of A K and A 3 , albeit at the cost of much more complicated transseries parameters-as can be seen in (B.11) and (B.12). But then this choice boils down to understanding why the transseries parameter takes the value it does. In particular, it would be interesting to be able to predict the value of the Stokes constant, akin to what was done in [8, 55] . Unfortunately, we only have a conjectural explanation in the case of A K .
When considering the large-radius instanton action, A K , other actions, of the form A K + 4π 2 i m with integer m, become visible in the Borel plane. We show this in Fig. 6 , for two values of λ. The allowed range of m seems to increase as λ grows (towards the large-radius point) since more and more points accumulate there, but because the number of poles is fixed by the finiteness of our current data, we cannot know whether this tower of poles is infinite or not. This picture of a tower of poles is not new: it was seen before in the context of strings on the resolved conifold [10] , ABJM gauge theory [77] , and Chern-Simons gauge theory on lens spaces [78] . One may wonder how generic will this property be, within the topological string setting.
The resolved conifold is a very well understood geometry and its resurgent properties have been checked in detail [10] . A resummation of the perturbative free energy was performed (right). The red circle shows A 1 , the green square A 2 , and the purple diamond A K . We can see the tower of poles below and above A K , and how more and more of them appear as λ increases. in [79] and shown equal to the exact free energy (calculated from Chern-Simons theory) for physical values of (N, g s ). There are several instanton actions, arising from either a polylogarithm contribution to the free energy, or from the constant map term. They are, respectively, [10] A m = 2πt + 4π 2 i m, m ∈ Z, (4.16) 17) where t = ig s N is the 't Hooft coupling. We can try to connect this picture to the ones in Fig. 6 , by letting 2πt ≡ −A K = Re(−A K ) − 2π 2 i, and forgetting about A cm . In this case the Borel plane for the resolved conifold is shown in Fig. 7 . The Borel singularities of the resolved conifold are pole-like rather than logarithmic and, as such, there are no branch cuts emanating from the locations of the instanton actions and the overall picture is cleaner than that for local P 2 . Notice how the infinite column immediately to the right of the imaginary axis, marked as purple diamonds, resembles the poles for local P 2 in Fig. 6 . For real g s and whenever F rc = S 0 F
rc we should expect that the first tower of poles provides the first corrections to the difference, just like for local P 2 . But in this case, one should sum over all poles, each with its own transseries parameter, σ m . The result would be one-inst. = 19) so that one has
It might be possible that this kind of effect would be at work for local P 2 , producing an effective transseries parameter σ K of the type that we see in equation (B.11) of appendix B.
Discussion
This work shows how the resummation of the resurgent transseries for the free energy of topological strings on the local P 2 toric CY threefold matches with high precision, after the occurrence of Stokes phenomenon, analytical results obtained via quantization of the mirror curve. This implies in particular that the nonperturbative definition of [31, 34] is compatible with the nonperturbative structure obtained in [4, 5] from the BCOV holomorphic anomaly equations, i.e., from the underlying closed string field theory of the topological string. Our results further validate the resurgent transseries techniques of [4, 5] as a powerful method to construct nonperturbative observables in topological string theory (with the possibility of being extended beyond the realm of toric threefolds, or even towards the compact case-see [17] as well). Still, on our current results there are some improvements and loose ends which might still be addressed. One issue deals with the implementation of the numerical resummation. This is a somewhat sensitive procedure which not always leads to stable results, and there is certainly room for improvement on our numerics. From the results in [5] we only have finite data for both perturbative and one-instanton sectors. These data could be improved, albeit having fewer coefficients F
(1) g is not as crucial as counting on many coefficients F
g . This is because the difference F P 2 − S 0 F (0) can be quite small, but we need enough stable digits to match against the resummation of the one-instanton sector. The Borel-Padé resummation method is stable most of the time, but not in every case. In this way, our approach to determining stable digits for F P 2 − S 0 F (0) was based on performing a couple of resummations with different Padé orders, and then only keeping unvarying digits. But we cannot rule-out the existence of other, more efficient, numerical methods. Note that the size of F P 2 − S 0 F (0) is of order e −A/gs . If g s is not small, this magnitude is big but the resummation S 0 F (0) is less tame and the Borel-Padé has to work harder. For g s small we have the opposite behavior.
Note that improving on available data and numerical methods is not only interesting from the standpoint of having better numerics as compared to the ones in the present paper. It is also quite interesting from the standpoint of enlarging the transseries resummations to, say, negative or even complex values of N (in the spirit of what was done in [55] within the matrix model context). Due to Stokes phenomenon, such extensions eventually reach anti-Stokes regions where instantons assume dominance within the transseries and one requires greater amounts of data and sharper numerical precision to carry this through.
Still within the realms of our precision, one interesting conclusion may be drawn. As mentioned early-on, our match is also validating the semi-classical data in the topological-string transseries of [4, 5, 16] . Let us explain what we mean by this. The acquired knowledge and construction we have for the transseries of the local P 2 free energy in [5] was obtained via (resurgent) large-order analysis. Iteratively, this type of analysis probes Borel singularities closest to the origin of the Borel plane. But resummation probes something different: it probes projections of these values upon the real axis, and resummation "dominance" might very well correspond to different singularities as compared to large-order "dominance". This is illustrated in Fig. 8 (see also [80, 81] ). In the present paper the instanton singularities uncovered in [5] via large-order "dominance" were shown to be precisely the ones required for resummation, thus validating the nonperturbative (instanton) semi-classical data from [5] as the correct one.
In this paper, we have "decoded" the nonperturbative information in the fermionic spectral traces of [31] in terms of the transseries obtained in [4, 5] . However, it should also be possible to derive this transseries by using explicit expressions for the fermionic spectral traces. For example, in [34] a matrix integral representation of Z P 2 (N, ) was given, which was instrumental in order to test the asymptotic expansion (2.16). In addition, the conjecture of [31] gives an exact expression for Z P 2 (N, ) as a Laplace transform of the grand potential of the CY, which includes nonperturbative effects. It would be interesting to use these expressions to calculate the transseries from first principles. Such a calculation would lead in particular to a derivation of the transseries parameter (4.10). However, it is important to note that the nonperturbative effects in the Laplace transform formula of [31] do not have the standard form of a transseries in g s , since they involve trigonometric functions of 1/g s . The presence of these functions might be related to the appearance of the towers of Borel poles, as suggested by the calculations in [82] .
A more general issue raised by our analysis is the following: what is the geometric origin of the instanton corrections which appear in the transseries of [4, 5] ? In standard superstring theory, we expect corrections of this type to come from D-branes or membranes. In our case, since the instanton actions correspond to periods of the CY, we expect them to be due to topological D-branes wrapping cycles of the CY. It would be interesting to test this expectation in detail.
Finally, one could use the techniques developed in this paper to test whether other proposals in the literature for the nonperturbative completion of topological string theory can be "decoded" in terms of resurgent transseries. Unfortunately, many of these proposals are not precise enough to give concrete numbers for the topological-string partition function. In that sense, the proposal of [31] is quite effective, since the fermionic spectral traces can be computed with relative ease. One other proposal where the ideas of this paper could be applied is the large N duality with Chern-Simons theory [83] [84] [85] , which holds for particular toric backgrounds. In this case, the nonperturbative topological-string partition function is identified with the Chern-Simons partition function on a three-manifold, and one could compare it with the resummation of the relevant transseries, as we have done in this paper. Further, when focusing upon a particular geometry, say local P 1 × P 1 , two very interesting questions immediately emerge. First, one may ask whether the spectral theory and the Chern-Simons nonperturbative completions yield the same resultand if not, in what do they differ. Second, if indeed these definitions do differ nonperturbatively, one may ask whether the very same transseries 17 , with different choices for its parameters, may account for both results-and if so, how do the resulting semi-classical "decodings" differ. These are fascinating questions we hope to return to in the near future.
A The One-Instanton Sector at Large-Radius
For the example of local P 2 , it was shown in [5] that there is an action associated to the Kähler modulus, given by A K = −2πt, which dominates the large-order growth of perturbation theory near the large-radius point (z = 0). However, its corresponding sector in the transseries, i.e., the associated coefficients, were not addressed in detail in [5] and we shall do so now. In particular, in this appendix we will show that the holomorphic limit of the free energies (in the large-radius frame) satisfies a particular instance of equation (3.19) These equations are analogous to the ones for the conifold sectors, except for the factor of 3 which might be identified with the GV invariant n
(1) 0 = 3. However, unlike for the conifold sector, we have no analytic derivation for equation (A.1) and we will need to resort to numerical checks. These checks happen to be less well-behaved than for other sectors, as we have obtained slower and more oscillatory convergence.
In practice we take the resurgence formula (see, e.g., [3] ) In the plots of Fig. 9 we have fixed the value of z and performed these limits numerically. Accelerating convergence with Richardson extrapolation we can get quite close to the expected results (see, e.g., [3] for an introduction to these methods). The numerical results and the corresponding predictions are: 
B Relations between Instanton Transseries Sectors
In section 4 we matched the exact topological-string free energy of local P 2 , F P 2 , with the resummation of the corresponding transseries whose only non-zero transseries parameter (i.e., transseries sector) was that of A 2 , and according to (4.10) . In particular, the value of this parameter, σ A 2 , changed in the expected way at the Stokes line, ImA 2 = 0 or λ = 1 4π . This appendix discusses how one can still find a match between exact values and transseries resummation, if instead we allow only the A 3 or the A K sectors to be non-zero. However, in this process the values of the corresponding transseries parameters will not be as simple as σ A 2 in equation (4.10).
The reason why these other sectors may be used, is that there are specific relations between the several instanton actions [5] ; namely . Given all these relations, alongside the matching condition (4.8) for the A 2 -sector, we can determine the values of σ K and σ 3 which make the following analogous conditions hold The presence of arises because equations (B.6) and (B.8) depend on loop-indices g and g − 1. Furthermore, these relations are not nearly as clean as (4.10), which validates the choice done in the main text of using A 2 as the natural sector in the transseries.
